Abstract. A periodic layer of resonant scatterers was considered in the dipolar approximation. The field diffracted by the layer has an asymptotic expression in terms of an impedance operator, which leads to a description of the layer by means of effective properties. Surface Bloch modes appear as a collective effect due to the resonances of the scatterers.
Introduction
Some recent works have shown the interest of considering periodic sets of scatterers forming a two-dimensional pattern on a surface in the low frequency regime. Such structures are called "metasurfaces."
1 In this context, we study the field diffracted by a periodic set of linear nanoresonators electromagnetically characterized by their scattering matrix S. We are interested in the regime where the dipolar approximation is valid, but it is assumed that the nanoresonators have their internal resonances at wavelengths large enough to lie in this regime. Possible realizations of this model comprise dielectric nanowires with a large enough index, that is, GaN-or Si-based (and resonances are Mie-like resonances) or InP nanowires doped with quantum dots. In the context of a single layer of scatterers, our approach proceeds to an asymptotic analysis 2 that generalizes the homogenization regime. [3] [4] [5] [6] [7] The wavelength is large with respect to the size of the scatterers but it is not supposed to be large with respect to the period. The asymptotic analysis takes into account the evanescent field and the different diffracted orders. The structure is characterized by an impedance operator whose explicit form is given: the set of scatterers behaves as metasurface. In the very large wavelength regime, the results of usual homogenization theory are recovered.
Expression of the Field Diffracted by the Metasurface
The structure under study [cf. Fig. (1) ] is made out of an infinite number of resonant scatterers periodically disposed at points x ¼ pd, y ¼ 0, d is the period and p ∈ Z. Each scatterer at position M p is characterized in the frequency domain by a scattering matrix SðωÞ with a non-null component along Oz only. The system essentially responds to fields electrically polarized along Oz (E jj case of polarization). We therefore consider the case of an E jj polarized incident electric field E i e −iωt e z . In order to provide a modal analysis, the incident field is further Fourier transformed along x, so that the incident field is a plane wave U i ðx; yÞ ¼ e ikðxAEβyÞ , where k ¼ k 0 sin θ, θ is an angle of incidence, and k 0 ¼ ðω∕cÞ.
For one scatterer alone, the incident field gives rise to a field U s p ðMÞ ¼ The grating can be characterized by the transfer operator: 10 T ðE s Þðx; yÞ ¼ E s ðx; y þ hÞ. In the following, an asymptotic (h∕λ → 0) form of this transfer operator is derived. In the limit where the scatterers are very small as compared with the wavelength, the scattering matrix SðωÞ reduces to a scalar matrix S 0 ðωÞ: the scatterers are thus dipoles with a dipole moment along e z . In that case, one obtains
where the series Σ 0 can be written:
Because the only relevant coefficient is s 
In that expression, there are several propagative waves as well as evanescent waves. The propagative waves correspond to the β n 's that are real. We denote by U ¼ fn ∈ Z; β n ∈ R þ g the set of indices "n" corresponding to propagating waves (the diffractive orders of the grating). We are therefore not in the homogenization regime where k 0 d ≪ 1 and hence there can be several reflected and transmitted orders.
The total electric field reads as Uðx; yÞ ¼ e iðαx−β 0 yÞ þ U s ðx; yÞ:
The conservation of energy leads to the following relation (valid above the light cone, that is,
and rðω; kÞ ¼ f½2s 0 0 ðω; kÞ∕½dβ 0 ðω; kÞg. Therefore, above the light cone, r has the following form: rðω; kÞ ¼ −σ U ð1∕f1 þ iσ U ½IðrÞ∕jrj 2 gÞ. The boundary conditions at y ¼ 0 are
where
These conditions can be rewritten conveniently in the operator form:
and the impedance operator is defined by Z½Uðx; 0Þ ¼ −VðxÞ:
The operator 1 0 Z 1 is the transfer matrix of the metasurface. In the homogenization limit of large wavelength k 0 d ≪ 1, there is only one propagative wave in Eq. (6), which then reads as rðω; kÞe ikxþβ 0 y . For the propagative part of the field, that is, if the evanescent field is not taken into account, the transfer operator reduces to a simple 2 × 2 matrix:
3 Scattering Properties of the Metasurface
Asymptotic Form of the Scattering Matrix of the Nanowires
The scattering matrix of the nanowires reduces to a single coefficient s 0 in the low-frequency limit. Independently of the nature of the nanowires, the coefficient s 0 has a specific form that originates in energy conservation. Indeed, from the optical theorem, 13 the following relation holds: js 0 j 2 þ Rðs 0 Þ ¼ 0. From this, we deduce the following form of s 0 :
where χðωÞ ¼ f½Iðs 0 Þ∕js 0 j 2 g.
We are interested in the resonances that can be supported by the wires, therefore high permittivity values are assumed, so that the condition k 0 ffiffi ffi ε p a ≪ 1 does not hold. In that situation, the asymptotic study of the 0'th order scattering matrix is best done by choosing two independent sets of variables: ζ ¼ k 0 a and ξ ¼ k 0 ffiffi ffi ε p a. For circular nanowires, the expression of S 0 is S 0 ðζ; ξÞ ¼ fð−1Þ∕½1 þ iχðζ; ξÞg, where χðζ; ξÞ ¼ f½Y 0 ðζÞ∕½J 0 ðζÞgf½FðξÞ − GðζÞ∕ ½FðξÞ − FðζÞg and FðξÞ ¼ −f½J 1 ðξÞ∕½ξJ 0 ðξÞg, GðζÞ ¼ f½Y 1 ðζÞ∕½ζY 0 ðζÞg. The modulus of S 0 ðζ; ξÞ is plotted in Fig. 2 . It can be seen that there are resonances linked to the existence of open cavity modes in the wires. They are distributed along lines that appear in yellow in the figure. When the parameter ζ is very small, that is, when the radius of the wire is very small with respect to the wavelength, it can be seen that the resonances are distributed asymptotically along straight lines ξ ¼ cst. The resonances are therefore asymptotically invariant under the set of transform f η ða; εÞ ¼ ½ηa; ðε∕η 2 Þ; η > 0. Introducing the dimensionless parameter η leads to the asymptotic form: s 0 ∼ ððη 2 ζ 2 Þ∕ðη 2 ζ 2 Þ þ ð2i∕πÞf½ξJ 0 ðξÞ∕½J 1 ðξÞgÞ. This shows that the resonances of s 0 are perturbations to the closed cavity modes given by a Dirichlet condition on the boundary of the nanowire, that is, the zeroes of J 0 for a circular cross section.
Bloch Modes of the Metasurface
The Bloch modes that can exist in the structure 14 are obtained as solutions of the electric field in the absence of an incident field. As the dressed scattering coefficient s 
This leads to the following crude approximate form Σ 0 ∼ f2∕½dβ 0 ðω; kÞg, from which we derive the following approximate dispersion relation near the Γ point:
This family of Bloch modes is illustrated in Fig. 3 . The second family corresponds to Bloch modes that arise from the resonances of each dipole, forming bands due to the coupling between them, leading to spatial dispersion. 14 The particular form [Eq. (11)] of S 0 , which results, as it has already been said, from energy conservation, has important consequences: if S 0 had no zero then χ would be bounded and by Liouville theorem it would be constant. If χ had no zero, then by considering ð1 − S 0 Þ −1 we would conclude that S 0 is constant. Consequently, χðωÞ has, locally, the form χðωÞ ¼ ½ðω − ω z Þ∕ðω − ω p ÞGðωÞ, where G is regular, and therefore S 0 ðωÞ ¼ −f1 þ i½ðω − ω z Þ∕ðω − ω p ÞGðωÞg −1 . As a rule, poles are therefore associated with zeros. In that case, near a resonance, one has in the vicinity of a pole ω p of S 0 ðωÞ: S 0 ðωÞ ∼ κ½ðω − ω z Þ∕ðω − ω p Þ and the dispersion relation becomes
Because Σ 0 ðω; kÞ is singular along ω ¼ k 0 c, the dispersion curve has to end at the point ½ðω z ∕cÞ; ω z . The collective modes are therefore linked to the zeros of S 0 ðωÞ rather than the poles, although both are tightly connected as proven above. This is illustrated in Fig. 4 where we have plotted the dispersion curves when several resonances are present. In Fig. 5 , we have plotted the modulus of S 0 ðωÞ. It can be verified that the dispersion curves end on the light cone at the zeros of S 0 ðωÞ.
Scattering of an Incident Plane Wave
As it was demonstrated above, the field diffracted for an incident plane wave is given by Eq. (6). The Poynting vector P is given, up to an irrelevant factor, by IðU∇ŪÞ. Considering a horizontal segment situated at y ¼ y 0 and extending over one period, the flux Φ of through this segment normalized by the flux Φ i of the Poynting vector of the incident field is given by Fig. 3 The dispersion curve for the Bloch modes in the absence of resonances. The light cone is depicted in red.
This shows that the reflected efficiencies (in the meaning of grating theory) are e n ¼ ½ð4js 0 0 j 2 Þ∕ðdβ n Þ. In Fig. 6 , we have plotted the energy in the diffracted orders for an incident plane wave in normal incidence. It can be seen there that, when there is one diffracted order only (i.e., λ ≥ 2d), the overall structure retains the zeros of the scattering coefficient but also that it is perfectly reflective at wavelengths close to that where the modulus of the scattering coefficient S 0 is equal to 1. For a smaller wavelength, other diffracted orders appear. In the region where there are two orders, it can be seen that the efficiencies are sharply peaked and that these orders transport about the same energy. The metasurface has therefore the capacity of refracting (or transmitting) energy in two different directions with the same efficiency. Moreover, the wavelength at which this transfer takes place can be tailored by modifying the properties of the nanowires. In Fig. 7 , we have plotted the efficiencies in the situation of a metasurface made of nonresonant scatterers. When there is only one reflected order, the phenomena of complete reflection and complete transmission are still present.
Conclusion
We have described an approach to the asymptotic description of a one-dimensional metasurface consisting in replacing a grating of nanowires by an impedance condition. This led to an explicit form of the transfer matrix and fine results on the Bloch modes, with the evidence of the existence of bands linked to collective resonances propagating along the surface. It would be possible to generalize the study to nonperiodic, for instance quasiperiodic, structures. 15 This asymptotic study could also be extended to deal with the new emerging field of quantum metamaterials, 16 as for periodic atomic lattices, with the study of the strong coupling regime of an emitter with the Bloch modes along the metasurface. 17 Moreover, the impedance matrix formalism presented here could be used to study out-of-equilibrium properties: an interesting direction of research would be the study of the quantum thermalization mecanism for a quantum system close to such a metasurface. [18] [19] [20] This opens the way to thermal control by means of metasurfaces. 
